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ABSTRACT

Our aim of this paper is to obtain a common fixednp theorem for four self mappings of generalizedtric

space for integral type.
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1. INTRODUCTION

For proposing non-additive models of uncertairtig, tost radical attempt was initiated by Zadehj91965 with
the publication of his paper “Fuzzy Sets”. The aotdf fuzzy set is a turning point in the developinef mathematics.
Consequently the last three decades were very ptiodwf mathematics. Fuzzy fixed point theory basome an area of
interest for specialists in fixed point theory.

In this paper we establish a general common fixethtptheorems, which generalize the result of Siagil
Chouhan[3,4],Singh, B. and Sharma[5,6,7], Som,d Muokherjee Ray][8].

In 2002, an analogue of a Banach contraction ppiaedor integral type inequality Branciari [1] obiad a fixed
point theorem for a single mapping. After the papémBranciari, a lot of research works have beemieé out on

generalizing contractive conditions of integraleyipr different contractive mappings satisfyingivas known properties.
2. PRELIMINARIES

Theorem 2.1:(Branciari) [1] Let(X, d) be a complete metric spaee(0,1) and letf: X — X be a mapping such
that for eackx, yeX

[OW omde < ¢ [ p(odt

Whereg: [0, +) - [0,+) is a Lesbesgue — integrable mapping which is susteran each compact subset of
[0, +0), nonnegative and such that for eachk 0, f:qo(t) > 0,then f has a unique fixed poiate X such that for each

xeX, lim,_, f"x = a.

Theorem 2.2:[2] Let (X, d) be a complete metric space and £ X such that
fd(fx,fy) w()dt < «a fd(x,fx)+d(y,fy) w(t)dt+ B fad(x'y)u(t)dt +y fmaX {d(x,fY).d(y,fY)}u(t)dt’

0 0 0

For each x, y X with non-negative real's, 8,y such that 2 + g + 2y < 1, whereu: [0, +») - [0, +x) is a
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Lesbesgue — integrable mapping which is summable;negative and such that for each 0, f:u(t)dt > (.then f has

a unique fixed point in X.

There is a gap in the proof of Theorem 2.2 In fdwet,authors [2]

Used the inequalit%“b u(t) < foau(t)dt + fabu(t)dt for 0 <a<b, which is not true in general. The aim of the

paper is to present in the presence of this inéguai extension of Theorem 2.2 using alteringatise functions.

On taking the concept of Branciari we establish wmm fixed point theorem in S fuzzy space for footegral type

mapping.

Definition 2.3: The 3-tuple(X, S,*) is said to be a S-Fuzzy Metric Spacé ifs an arbitrary Set is a continuous

t-norm ands is a Fuzzy set oii® x (0, ) Satisfying the following conditions.
() Sxyzt)>0
(i) SCx,y,z,t)=1ifandonlyifx =y =z
(i) SCx,y,z,t) =S, z,x,t) = S(z,v,x,t) (Symmetry)
(iv) S(x,y,z,r+s+t) =S(x,y,w,r)* S(x,w,z,5) * S(w,y,21t) (Tetrahedral inequality)
(v) S(x,y,z,.):(0,0) - [0,1] is continuous for al, y, z, weX andr,s,t > 0

GeometricallyS(x,y, z,t) represents the Fuzzy Perimeter of the trianglesehertices are the points x, y and z
with respect to > 0

3. MAIN RESULTS

Theorem 3.1:Let A, B, E and F be self mappings of a completezyumetric spac€X, S,*) with continuous
t-norm defined bya * b = min{(a, b) : a, be[0,1]} satisfying the following conditions

A(x) c F(x),B(x) c E(x) Forallx,ye X,t >0 (3.1.1)
Mappings E and F are continuous (21
{A, E} and {B, F} are weakly mapping (3.1.3)

For allx, yeX,t > 0,ke[0,1]

S(Ax,By,kt ]
[EIO omyde > [l ot (3.1.4)

Where] = min {S(Ax, Ex, t), S(By, Fy, t), S(Ex, Fy, t),

S(Ax,Ex,2t)S(By,Fy,2t) S(BxEx,2t)
S(Ex,Fy,t) " S(Ex,Fy,t)

S(Bx,Fy,t)+S(By,Ex,t)

> }
For allx, yeX,lim S (x,y,t) > last -» © (3.1.5)

Then A, B, E and F have a unique common fixed pioiix.
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Proof: Let x,eX be arbitrary. Since A(X)F(x). We can find a point; in X such thatdx, = Fx,. Also since B(X)
O E(x) We can choose a poiny with Bx; = Ex,

Using this argument repeatedly we can construaiesseg{y,,} in X such thay,,_; = Fx,,_, = Bx,,_, and
yzn = Exzn = sz.n_l ,n= 1,2,3, .........

From (3.1.4) we have

fOS(YZn+1‘Y2n+2rkt) o(t)dt = fos(szn'BX2n+1rkt) p(D)dt

>[I o(t)dt
Where
min {S(Axzn, Exzn, £), S(BXani1, FXant1, 1), S(EXon, FX2n41, 1),
J; - S(AxanBxan20)S Bxoner Frans1.2) SAxanExan2t)
S(Exzn,Fxzn+1.t) S(Exzn,Fxzn+1.t)

S(sznva2n+1rt)+S(Bx2n+1rEx2nvt)}
2

> f;z o(H)dt
Where

min {S(¥Vzn, Yon+1 ), SWan+2 Yan+1, £, SW2ns Yans1, ),
San+1Y2n2)S2n+2.Y2n+1,2) SWan+1.Y2n2t)
J2= SanYan+1,t) " Sanyan+1t)
S(J’Zn+1r3’2n+1rt)+s(3/2n+2rYant)}
2

J4OS(y2n+1,y2n+2,kt) o(H)dt > fOS(YanYZn+1.t) e(Ddt

Which implies in general

S(ynYn+1.kt) S(Yn-1.Yn.t)
) p)dt = [ p(t)dt (3.1.6)

0

To prove thafy, } is a Cauchy Sequence we shall prove
S(Ynﬁynﬂn' t) =21-4 (3-1-7)
is true for alln > n, and everyn e N

Here we use induction method from (3.1.6) we have

t
f(;s(anYn+1‘t) (p(t)dt > fOS(Yn—eran) (p(t)dt

t t
> f:(Yn—ZrYn—lv /kz) ----------- SWo.y1,"/;n) p(t)dt > lasn—> o

l.e. fort > 0, e (0,1) we can chooseyeN such thaS (v, yp+1,t) =1 -1
Thus (3.1.7) is true for m=1 supposes (3.1.7)us for m then we shall prove that it is also trolerfi+1.

Using the definition of fuzzy metric space by (8)land (3.1.7) we have
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fS(ZanZVn+m+1rt) (p(f)dt > fomin {S(J’nvZVn+mvt/2)vS(3’n+ern+m+1rt/z)} (p(f)dt

>1-2

Hence (3.1.7) is true for m+1. Th{ig,} is a Cauchy Sequence. By completenesgXo§,*), {y,} converges to

some point z in X. Thufdx,,, }, {Ex,,}, {Bxyn—1} and{Fx,,_,} also converges to z. Nadw,,, — z and E is continuous.
HenceEAx,, — Ez.
Thus fort > 0,1 € (0,1) there exist am, € N such that
S(EAxyn, Ez, t/z) >1—Aforalln>n,

Using (3.1.3) we have

t
fOS(AEXZn,EAxZn, /2) (p(t)dt 51

t i ¢ £
fOS(AExZn,EZ, /2) o(O)dt = fomm (S(AExzn,EAX2n,b/5).S(EAxzn E2b )} o(t)dt

>1-21
HenceAEx,, — Ez (3.1.8)
Similarly BFx,,,_1 = Fz (3.1.9)

Using (3.1.4) we have

fS(AEXZn.Bszn—ka)

5 p(t)dt > fohtp(t)dt
Where

min {S(AEX,,, E2x3p, t), S(BF Xpp_1, F?Xan_1, 1),
5(E2x2nr F2x2n—1r t)'

Js- S(AEX20,E?x20,2t)S(BF xap—1,F%x2n—1,2t) S(AEX31,E?x2n 2t)
S(E2x30,F2xop—1,t) " S(E2xyn F2x2n-1,t)’
S(AExz-n,Fzx2n_1_t)+S(BFx2n_1,E2x2n,t)}

2

Taking limit asn — o and using (3.1.8) and (3.1.9) we get

f;(Ez,Fz,kt) ¢(t)dt > fOS(Ez,Fz,t) ¢(t)dt

Which implies that
Ez=Fz (3.1.10)

Now

S(Az,BFxgpn—1,kt J
[ianErEEmO o yde > [ g (t)de

Where
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; 2
min {S(Az, Ez, t), S(BFx,,_1, F*X3n-1, 1),
2
S(Ez, F*x5n_1, 1),
Jav S(AzEz,2t)S(BFxan—1,F2Xan-1,2t)  S(AEzEz,2t)
S(Ez,F2X5q-1,t) ’ S(Ez,F2x5p-1,t)
S(AEzF%xy5_1,t)+S(BFxan_1,EZt)

5 }

Taking the limit a1 — o and using (3.1.9) and (3.1.10) we get

f;(Az,Fz,kt) (p(t)dt > fOS(Az,Fz,t) (p(t)dt

Which implies that

Az =Fz (3.1.11)

S(Az,Bzkt ]
[AEEO oiydt = [ p(0dt

Where

min {S(Az, Ez, t), S(Bz, Fz,t),
S(Ez, Fz,t),
]5 — S(AzEz2t)S(BzFz2t) S(AEzEz2t)
S(EzFz,t) ’ S(EzFzt) ’
S(AEzFz,t)+S(BzEzt)

. }

S(Az,Bzkt ]
[APED g vydt = [ g0 dt

Where

min {S(Fz, Ez, t), S(Bz, Az, t),
S(Ez, Fz,t),
]6 — S(AzEz2t)S(BzFz2t) S(AEzEz2t)
S(EzFz,t) ’ S(EzFzt) ’
S(AEzFz,t)+S(Bz,Ezt)

. }

Which implies that

Az =Bz (3.1.12)

Using (3.1.10) and (3.1.12) we get
Az=Bz=Ez=Fz (3.1.13)

Now [P oy de > [17 g0 de

Where

min {S(Ax,,, Ex,p, t), S(Bz, Fz,t),
S(Ex,p, Fz, 1),
| . S(AXanX2n,20)S(BZ,Fz,2t) S(AxzpExap 2t)
S(Exan,Fz,t) " S(ExznFzt)
S(Axyn,Fz,t)+S(Bz,Ex,p,t)

> }

> [ p(tydt
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Where

min {S(Ex,,, Fz, 1), S(AXZH,EXZH, t), S(Bz, Fz,t),
S(Axyn,Expn,2t)S(Bz,Fz,2t)

Jg = S(Exzn,Fz,t)
S(AXan,Exzn,2t) S(AxznFzt)+S(BzExan,t)

: }

S(Exyn,Fz,t) 2

’

Taking limit asn — « and using (3.1.13) we get

fOS(Z,BZ,kt) (p(t)dt > fOS(Z,BZ,t) (p(t) dt

Which implies that
Z=Bz (3.1.14)

Thus z is a common fixed point of A, B, E and F B@ uniqueness let w be another common fixedtpafisaid

mappings. Then from (3.1.4)

PABD o pyde = [ p(odt

WhereJ, = min {S(Az, Ez,t), S(Bw, Fw, t), S(Ez, Fw, 1),

S(AzEz2t)S(Bw,Fw,2t) S(AzEz2t) S(AZ,,FW,t)+S(BW,EZ,t)}
S(Ez,Fw,t) " S(EzFw,t) 2

S(z,w,t)

i e [ gode = [T pvydt
Hence
z=w
This completes the proof
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